The review chapter starts by a pedagogical introduction to the general concept of the scattering theory: from the fundamental wave-function picture to the second-quantization language, with the aim to clear possible ambiguity in conventional textbooks. Recent progress in applying the method to current fluctuations and oscillating-parameter driven quantum pumping processes is presented with inclusion of contributions by Büttiker, Brouwer, Moskalets, Zhu, etc. In particular, the spinorbit-coupling affected shot noise can be dealt with by taking into account the spin-dependent scattering processes. A large shot noise suppression with the Fano factor below 0.5 observed experimentally can be illustrated by effective repulsion between electrons with antiparallel spin induced by the Dresselhaus spin-orbit coupling effect. A Floquet scattering theory for quantummechanical pumping in mesoscopic conductors is developed by Moskalets et al., which gives a general picture of quantum pumping phenomenon, from adiabatic to non-adiabatic and from weak pumping to strong pumping.
I. PEDAGOGICAL INTRODUCTION TO THE GENERAL CONCEPT OF THE SCATTERING THEORY A. Landauer-Büttiker conductance
The discussion is based on the scattering approach to electrical conductance. This approach, as we will show, is conceptually simple and transparent. Nevertheless, the generality of the scattering approach and its conceptual clarity, make it the desired starting point of a discussion of noise in electrical conductors. By expanding the time-dependent scattering matrix into Fourier series, a description of the quantum pumping phenomenon can be given.
We start with the wave function picture and consider an electron tunneling through a one-dimensional single barrier 1 , which can be realized in a semiconductor heterostructure with a layer of Al x Ga 1−x As of width 2L imbedded in GaAs as shown in Fig. 1 . In the effective mass approximation, the electron motion in each layer of the structure is described by the stationary solution of the envelop equation in the x-direction.
Here, m 
with k = √ 2m * E and κ = 2m * (V 0 − E) . The coefficients A and B are associated respectively with incoming and outgoing waves on the left side relative to the barrier. Likewise, the coefficients E and F are respectively outgoing and incoming waves on the right.
The scattering matrix connects the incoming and outgoing fluxes as 
Ideal (i.e., without scattering) conducting leads connect the scattering region to reservoirs on the left and right characterized by quasi-Fermi energies µ 1 and µ 2 , respectively, corresponding to the electron densities there. These reservoirs or contacts randomize the phase of the injected and absorbed electrons through inelastic processes such that there is no phase relation between particles. For such an ideal 1D system, the current injected from the left and right may be written as an integral over the flux 1, 2 I L = 2e 2π
where v(k) is the velocity, T (E) is the transmission coefficient, which can be obtained from the wave function Eq. (2), and f 1 and f 2 are the reservoir distribution functions characterized by µ 1 and µ 2 , respectively. The integrations are only over positive k and k ′ relative to the direction of the injected charge as positive k is in +x-direction and positive k ′ is in −xdirection. If we now assume low temperatures, electrons are injected up to an energy µ 1 from the left lead and injected up to µ 2 from the right one. Converting to integrals over energy, the current becomes
dET (E).
It can be seen that the first term of Eq. (5) is the flux generated by electrons injected from the left reservoir and the second term is that from the right reservoir. The integration is done in two independent ensembles.
The Landauer-Büttiker conductance introduced above can be reproduced in the secondquantization language. Without loss of generality, we assume the input amplitudes from the two reservoirs in Eq. (2) to be unity. For simplicity, as a single channel is considered, the scattering matrix can be described in the relation
where operators a L/R annihilate electrons incident upon the sample from the left/right reservoir and operators b L/R describe electrons in the outgoing states. t and t ′ are the transmission amplitudes of electrons incident rightward and rightward, respectively, and r and r ′ are the corresponding reflection amplitudes, as defined conventionally. Hence, the Landauer-
Büttiker formula of the current can be expressed as
where · · · calculates the quantum statistical average of the product of an electron creation operator and annihilation operator of a Fermi gas. As a conventional electron reservoir is considered, we have
It should be noted from the third formula of Eq. (9) that electrons incident from the left and right reservoirs are completely incoherent and the phases of the two reservoirs are randomized and completely unrelated. Substituting Eq. (9) to Eq. (8), the formula of the current expressed in Eq. (5) can be reproduced.
It is interesting to see that if we could build up a system with the conductor connected to two correlated reservoirs, in which the quantum statistical average of the cross product
the system can generate a current demonstrating the interference between the electron states incident from the left reservoir and the right one.
In the next subsection, we would use a toy system based on correlated reservoirs to further illustrate the scattering scheme. Significant difference between uncorrelated and correlated reservoirs is illuminated. It is also elaborated that in scattering problems the transmission and reflection process demonstrates the quantum state spanned throughout the space.
B. Further illustration of the scattering scheme in a toy system with correlated reservoirs
We consider incidence only from the left in Eq. (2) and the input flux is assumed to be unity. The wave function in different scattering regions can be expressed as
An incident particle is transmitted with probability |t| 2 and reflected with probability |r| 2 .
It is determined by the wave function that the particle momentum has value of k with probability 1 + |t| 2 2 and − k with probability |r| 2 2. The mean value of the momentum |t| 2 k characterizes the density of the probability current J, which can also be obtained from the continuity equation ∂ρ/∂t + ∇ · J = 0 with ρ the probability density.
An interesting interference pattern can be observed if we consider the incidence from the left and the right is correlated. We consider a toy system of a one-dimensional electron gas subject to two oscillating gate volatages (see Fig. 2 ). The inspiration comes from the quantum pumping phenomenon. The single-particle Hamiltonian reads
. The two barriers U 1 and U 2 are adiabatically modulated at the frequency ω with a phase difference φ.
We assume ω is extremely small so that a static treatment is valid. Therefore, it is tolerable to consider only the zero order of the Fourier component of the time-dependent scattering matrix without taking into account the photon-absorption/emmission processes, which is done in adiabatic quantum pumping theory.
As shown in Fig. 2 , the electrons are incident from the left and right reservoirs with identical amplitudes at zero bias, which is set to be unity without impairing generality. As assumed, incidence from the two correlated reservoirs characterize a coherent single-particle state. The single-particle wave function at a certain time has the following form.
k = √ 2m * E and κ 2/4 = 2m * U 1/2 − E . t and r quantify the transmission and reflection amplitudes of the electrons incident from the left reservoir while t ′ and r ′ quantify those incident from the right with t ′ = t and r ′ = −tr * /t * . We introduce a geometric phase θ to describe the unavoidable phase difference between the electrons injected from the two reservoirs. In the toy approach, correlated reservoirs are assumed, which justifies a particular value of θ. For simplicity and without violation of the physics we take θ = 0. It is noted that in conventional real reservoirs mixed-ensemble integral should be applied, i.e., the probability flow of the electron incident from the left reservoir absolutely cancels out that of the incidence backward at zero bias as a result of the randomized phase distribution, which absolutely differs from our toy consideration.
From the continuity equation
we could derive the probability current flow as functions of the transmission and reflection amplitudes as
We can also see from the wave function Eq. (15) that the particle momentum has value of k with probability [1 − Re (tr * )]/2 and − k with probability [1 + Re (tr * )]/2. The mean value of the momentum −Re (tr * ) k characterizes the density of the probability current of Eq. (17) . The net current density can be described by the period-average of the probability current density multiplied by the carrier charge and density. The accumulated contribution by electrons within the ± ω sidebands is taken into account by an integral. Without dynamic modulation, no current occurs as the ± ω energy channel is closed even when the probability current density is nonzero for asymmetric barrier configuration. The current density as a function of the Fermi level thus becomes
where the density of states of a one-dimensional electron gas is
Here, k is the wave vector of the electron. e is the electron charge. ρ e is the carrier density of the two-dimensional electron gas in which the quantum wire is confined. f (E) is the FermiDirac distribution function of the leads. V quantifies the volume of the one-dimensional wire and m e is the mass of a free electron.
Here, in the toy configuration, quantum interference is remarkably demonstrated. The single-electron state Eq. (15) interferes with itself and carries the probability flow and hence the net current through oscillating cycles.
We numerically calculated the current in a one-dimensional electron gas (2DEG) based on the GaAs/AlGaAs heterostructures with the average carrier density ρ e ∼ 10 11 cm −2 and the effective mass of the electron m * ∼ 0.067m e 3 . The width of the two gate potential barriers L = 20Å equally separated by a 2L = 40Å width well. The amplitudes of the modulations U 1ω = U 2ω = 1 meV. All of the above setups are not essential as we are dealing with an assumed toy structure.
In Fig. 3 , it is shown that the time-integrated current demonstrates a sinusoidal pattern as a function of the phase difference between two oscillating parameters, which is a result of quantum interference. The probability density flow formulated in Eq. (17) is a result of phase difference between transmission forward and backward. Quantum phase interference gives rise to nonzero probability density flow for asymmetric barrier configurations. The absolute strength of the probability flow increases as the height difference between the two potential barriers increases determined by the phase difference φ. Fig. 4 presented the time variation of the net current within an oscillating cycle. Considering the time-averaged effect, the integrated asymmetry is different. When the phase difference between the two modulations approaches π, time-reversal symmetry destroys the time-integrated current to zero although the probability density flow maximizes at a certain time. i.e. the probability flow in half a pumping cycle completely offsets that of the other. Therefore a sinusoidal dependence on φ occurs in the time-integrated current.
In real reservoirs, the single-particle state between reservoirs has a definite momentum direction determined by its source. When coherent reservoirs can be realized in any form, however, quantum states within the mesoscopic conductor can be expressed as Eq. (15) and double-slit interference pattern is observable in an electron device.
C. Time-dependent scattering-matrix theory
The scattering-matrix equationb α = S αβâβ with α and β indexes of lead, channel, and spin introduced in Sec. I.A. for the Landauer-Büttiker conductance characterizes the transport properties through a conductor at a certain bias.
In a more general situation with dynamic processes, e.g. in quantum pumping, a timedependent scattering matrix can be introduced as follows.
with α and β general indexes denoting the lead, channel, and spin. An incident stateâ β at time t ′ is scattered into the outgoing stateb α at time t with the amplitude S αβ (t, t ′ ).
The time-dependent scattering-matrix picture described by Eq. (20) is exactly equivalent to the time-dependent Schrödinger equation with the elements of the scatting matrix amplitudes of the wave function. In usual cases, the time-dependent Schrödinger equation cannot be solved exactly, similarly to the time-dependent scattering matrix. In the static or adiabatic cases, it is advantageous to use an analog of the Wigner transform for the matrix
An on-time scattering process S αβ (t, t ′ ) with t = t ′ is sufficient to describe the bias-driven conductance. Namely, from Eq. (21), we can use S αβ (E) with E labeling the energy channel to fully capture the transport physics.
When the scattering time t − t ′ is small (i.e., the dynamic characteristic frequency is much smaller than the inverse Wigner time delay), the dynamics can be approximated into the instant-scattering picture. Physically this means that the scattering matrix changes only a little while an electron is scattered by the mesoscopic sample under dynamic modulation, in which we use the term "adiabatic". In adiabatic dynamics, we can use low-order
Fourier components of S αβ (E, t) to characterize transport physics. Therefore, small t − t ′ is transformed into variation of the particle energy by side-band broadening around the Fermi level.
In Sec. III, we would illustrate the time-dependent scattering approach in adiabatic quantum pumping beyond the linear-response approximation.
II. SPIN-ORBIT COUPLING AFFECTED SHOT NOISE
A. Background
Current fluctuations are present in almost all kinds of conductors and have been developed into a very active and fascinating subfield of mesoscopic physics (for review see Ref.
5). At low temperatures, thermal fluctuations are extremely small, the current fluctuation properties are governed by the so-called shot noise, which is a consequence of the quantization of charge. Shot noise is useful to obtain information on a system which is not available through conductance measurements. In particular, shot noise experiments can determine the quantum correlation of electrons, the charge and statistics of the quasi-particles relevant for transport, and reveal information on the potential profile as well as internal energy scales of mesoscopic systems [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] . Shot noise is generally more sensitive to the effects of electron-electron interactions than the average conductance.
A convenient measure of shot noise is the Fano factor F , which is the ratio of the actual 
where γ is the material constant denoting the strength of the Dresselhaus SOC,σ x andσ y are the Pauli matrices. The Dresselhaus term can be diagonalized by the spinors
which describe the spin-up ("+") and spin-down ("−") electron eigenstates.
Suppose the system is a layered mesoscopic conductor with its potential profile described by V 0 (z) (see Fig. 5 ), the electron motion in each layer of the structure is described by the
where
with F the magnitude of the electric field, Θ(z) the step function, and −b and a + c the longitudinal coordinates of surfaces in z direction. Our discussion is within the framework of single electron approximation and coherent tunneling 29, 30 , and only zero-frequency noise at zero temperature is considered.
Under the assumption that k is conserved during the tunneling, the wave functions for the electrons with definite longitudinal electron energy (E z ) can be obtained from Schrödinger equation based on the Hamiltonian given in Eq. (24) , which can be diagonalized by spinors χ ± . So, the wave functions become
where Φ ξj denotes the wave function in the conductor region, and t j and r j are the transmission and reflection amplitudes, which can be calculated using the transfer-matrix method 31 .
The spin "+" and spin "−" components of the electron wave functions transport separately without correlation. As standard scattering method is applied, we introduce creation and annihilation operators of electrons in the scattering states. Schematics of the scattering states are shown in Fig. 6 . Operatorsâ † Lnσ (E) andâ Lnσ (E) create and annihilate electrons with total energy E and spin polarization σ in the transverse channel n in the left lead, which are incident upon the sample. In the same way, the creationb † Lnσ (E) and annihilation b Lnσ (E) operators describe electrons in the outgoing states. They obey anti-commutation relations. Therefore, we can write the scattering matrix of the sample as
with
and j = ±. The matrices M 1 and M 2 are unitary transformations between spin "↑↓" states and spin "±" states, s is the scattering matrix connecting the incoming and outgoing spin "±" states of the nth channel.
The current of the system can be derived as followŝ
For a system at thermal equilibrium, the quantum statistical average of the product of an electron creation operator and annihilation operator of a Fermi gas with spin polarization is
Without loss of generality, we set the unit vector directed along the spin orientation n s =
(1, 0, 0). Making use of Eqs. (24)- (26), after some algebra, we can obtain the expression for the zero-frequency noise power
Eq. (30) gives a general formula to calculate the shot noise in mesoscopic conductors subject to the SOC effect. It can be used to predict the low-frequency noise properties of arbitrary multi-channel, multi-probe phase-coherent conductors in the presence of Dresselhaus SOC.
It can be naturally extended to the system with Rashba SOC and the system with both Dresselhaus SOC and Rashba SOC. In the limit of zero SOC and when the conductor is connected to normal metal leads, there is f αa (E) = f αp (E) and We see the current fluctuation of the system caused by Dresselhaus SOC. Fig. 7 presents results of the electric current I and the shot noise S versus the external bias. It is demonstrated that the peaks of the current and of the shot noise are lowered as the Dresselhaus constant γ increases, and a concave down in the ascending side of the noise curve is obvious for non-zero γ. The concaveness gives rise to nadirs far below 0.5 in the Fano factor (see Fig. 8 (a) ). To compare with experiment, S vs I curves normalized to unity are displayed in Fig. 8 (b) . In the positive differential conductance region, the shot noise follows the value of uncorrelated electrons (2eI) for small tunnel currents and is significantly suppressed for larger currents and eventually increases. The suppression is above one-half for γ = 0, near one-half for γ = 4.0 × 10 −29 eV m 3 , and below one-half for γ larger than 8.0 × 10 −29 eV m 3 .
In the negative differential conductance (NDC) region, the Coulomb interaction or charging effect in the well enhances the shot noise and overweighs the effect of SOC 33 . Iannaccone et al. have focused on the NDC region and obtained enhanced shot noise 8 .
The results shown in Figs. 7-8 can be understood from the following. The SOC interaction behaves like a pseudo magnetic field and induces split of different spin components of the resonant level in the barrier structure 29 , which contribute collectively to the electric current and shot noise. Thus, the current is lowered at the peak and simultaneously lifted in both sides around the peak in the current-bias spectra. When the SOC is present, spin "↑" electrons exclude spin "↓" electrons as well as spin "↑" ones. Therefore, the large noise suppressions are a consequence of the repulsion between current pulses of different spin states in addition to the consequence of the Pauli blockade and Coulomb repulsion.
III. QUANTUM PUMPING BEYOND LINEAR RESPONSE A. Introduction to quantum pumping
Generally speaking, the transport of matter from low potential to high potential excited by absorbing energy from the environment can be described as a pump process. The driving mechanics of classic pumps is straightforward and well understood 34 . The concept of a quantum pump is initiated several decades ago 35 with its mechanism involving coherent tunneling and quantum interference. Research on quantum pumping has attracted heated interest since its experimental realization in an open quantum dot .
The mechanisms of an adiabatic quantum pump can be demonstrated in a mesoscopic system modulated by two oscillating barriers (see Fig. 9 ). To prominently picture the charge flow driven process within a cyclic period, the two potential barriers are modulated with a phase difference of π/2 in the manner of U 1 = U 0 + U 1ω sin t and U 2 = U 0 + U 2ω sin(t + π/2).
Our discussion is within the framework of the single electron approximation and coherent tunneling. The Pauli principle is taken into account throughout the pumping process. The
Fermi energy of the two reservoirs and the inner single-particle state energy are equalized to eliminate the external bias and secure energy-conserved tunneling [The kinetic properties (charge current, heat current, etc.) depend on the values of the scattering matrix within the energy interval of the order of max(k B T, ω) near the Fermi energy. In the low-frequency (ω → 0) and low-temperature (T → 0) limit we assume the scattering matrix to be energy independent]. As shown in Fig. 9 , the transmission strengths between one of the reservoirs and the inner single-particle state are denoted by t 1 -t 4 . When t ∈ [0, π/2], sin t changes from 0 to 1 and sin(t + π/2) changes from 1 to 0. Considering the time-averaged effect, the chance of U 1 > U 2 and U 1 < U 2 is equal. Therefore, the probability of t 1 and t 3 balance out. The tunneling quantified by t 2 and t 4 do not occur since the inner particle state is not occupied. When t ∈ [π/2, π], sin t changes from 1 to 0 and sin(t + π/2) changes from 0 to -1. U 1 > U 2 invariably holds in this time regime. The probability of t 3 prevails and a net particle flow is driven from the right reservoir to the middle state. When t ∈ [π, 3π/2], sin t changes from 0 to -1 and sin(t + π/2) changes from -1 to 0. The probability of t 2 and t 4 balance out and the tunneling quantified by t 1 and t 3 are excluded from the Pauli principle. No net time-averaged tunneling occurs. When t ∈ [3π/2, 2π], sin t changes from -1 to 0 and sin(t + π/2) changes from 0 to 1. U 1 maintains a lower height than U 2 , which drives the particle in the inner state to the left reservoir. Through one whole pumping cycle, electrons are pumped from the right reservoir to the left by absorbing energy from the two oscillating sources. The tunneling is governed by quantum coherence. In each period, the pumping process repeats and the particles are driven continuously in the same direction as time accumulates. Direction-reversed pumped current can be obtained with reversed phase difference of the two oscillating gates. The direction of the pumped current is from the phase-leading gate to the phase-lagged one without exception when we assume that higher barriers admit smaller transmission probability. It can find resemblance in its classical turnstile counterpart 34 in which the fore-opened gate admits transmission ahead of the later-opened one driving currents in corresponding manner.
The current and noise properties in various quantum pump structures and devices were investigated such as the magnetic-barrier-modulated two dimensional electron gas 39 for quantum-mechanical pumping in mesoscopic conductors. It can be used to investigate quantum pumping behavior at arbitrary pumping amplitude and frequency.
As an example to demonstrate the Floquet scattering theory, we focus on the experimentally observed deviation from the weak-pumping theory with only the first-order parametric derivative of the scattering matrix considered. By expanding the scattering matrix to higher orders of the time and modulation amplitude, experimental observation can be interpreted by multi-energy-quantum-related processes.
B. Theoretical formulation
We use the scattering matrix approach to describe the response of a mesoscopic phasecoherent sample to two slowly oscillating (with a frequency ω) external real parameters X j (t) (gate potential, magnetic flux, etc.),
X 0,j and X ω,j measure the static magnitude and ac driving amplitude of the two parameters, respectively. The phase difference between the two drivers is defined as φ = ϕ 1 − ϕ 2 . The mesoscopic conductor is connected to two reservoirs at zero bias. The scattering matrixŝ being a function of parameters X j (t) depends on time.
A time-dependent scattering matrix can be introduced as follows.
Its Wigner transform reads
We assume the scattering time t−t ′ is small. Up to corrections of order ω/γ (γ measures the escape rate), the matrix S αβ (E, t) is equal to the "instantaneous" scattering matrix S X (E), which is obtained by "freezing" all parameters X j to their values at time t. Below, we use the instant scattering matrixŝ (t) in place of S αβ (E, t) to describe the physics for simplicity. The kinetic properties (charge current, heat current, etc.) depend on the values of the scattering matrix within the energy interval of the order of max(k B T, ω) near the Fermi energy. In the low-frequency (ω → 0) and low-temperature (T → 0) limit we assume the scattering matrix to be energy independent. To investigate the deviation from the small amplitude X ω,j limit, we expand the scattering matrixŝ(t) into Taylor series of X j (t) to second order at X 0,j with the terms linear and quadratic of X ω,j present in the expansion,
It can be seen from the equations that higher orders of the Fourier spectra enter into the scattering matrix. As a result, both the nearest and next nearest sidebands are taken into account, which implies that a scattered electron can absorb or emit an energy quantum of ω or 2 ω before it leaves the scattering region. In principle, third or higher orders in the Taylor series can be obtained accordingly. However, the higher-order parametric derivatives of the scatter matrix diminish dramatically and approximate zero. Numerical calculation demonstrates that even in relatively large amplitude modulation, their contribution is negligible.
The pumped current depends on the values of the scattering matrix within the energy interval of the order of max (k B T, 2 ω) near the Fermi energy. In the low-temperature limit (T → 0), an energy interval of 2 ω is opened during the scattering process.
The mesoscopic scatterer is coupled to two reservoirs with the same temperatures T and electrochemical potentials µ. Electrons with the energy E entering the scatterer are described by the Fermi distribution function f 0 (E), which approximates a step function at a low temperature. Due to the interaction with an oscillating scatterer, an electron can absorb or emit energy quanta that changes the distribution function. A single transverse channel in one of the leads is considered. Applying the hypothesis of an instant scattering, the scattering matrix connecting the incoming and outgoing states can be written aŝ
Here s αβ is an element of the scattering matrixŝ; the time-dependent operator isâ α (t) = dEâ α (E) e −iEt/ , and the energy-dependent operatorâ α (E) annihilates particles with total energy E incident from the α lead into the scatter and obey the following anticommutation
Note that above expressions correspond to single-(transverse) channel leads and spinless electrons. For the case of many-channel leads each lead index (α, β, etc.) includes a transverse channel index and any repeating lead index implies implicitly a summation over all the transverse channels in the lead. Similarly an electron spin can be taken into account.
Using Eqs. (34) and (36) and after a Fourier transformation we obtain
The distribution function for electrons leaving the scatterer through the lead α is f
, where · · · means quantum-mechanical averaging. Substituting Eq. (38) we find
The distribution function for outgoing carriers is a nonequilibrium distribution function generated by the nonstationary scatterer. The Fourier amplitudes of the scattering matrix
is the probability for an electron entering the scatterer through the lead β and leaving the scatterer through the lead α to emit (to absorb) an energy quantum ω and |ŝ −2ω,αβ | 2 (|ŝ +2ω,αβ | 2 ) is that of the energy quantum 2 ω process. |ŝ 0,αβ +ŝ 2,αβ | 2 is the probability for the same scattering without the change of an energy with the secondorder termŝ 2,αβ much smaller than the zero-order termŝ 0,αβ in weak-modulation limit (X ω,j ≪ X 0,j ) and can be omitted therein.
Using the distribution functions f 0 (E) for incoming electrons and f out α (E) for outgoing electrons, the pumped current measured at lead α reads
Substituting Eqs. (34) and (30) we get
Quantum pumping properties beyond the theory based on first-order parametric derivative of the scattering matrix are demonstrated in Eq. (41) . By taking higher orders of the Fourier spectrum of the scattering matrix into consideration, double ω energy quantum (or a 2 ω energy quantum) emission (absorption) processes coact with single ω quantum processes.
In the weak-modulation limit, the second term in the right-hand side of Eq. (41) is small, which implies that double ω quantum processes are weak and therefore not observable. As the ac driving amplitude is enlarged, this term increases markedly and contribution from double ω quantum processes takes effect. As a result, the dependence of the pumped current on the phase difference between two driving oscillations deviates from sinusoidal and changes from sin φ to sin 2φ, which is observed in experiment 36 . Moreover, the relation between the pumped current and the ac driving amplitude X ω,j is reshaped. It is also seen that the linear dependence of the pumped current on the oscillation frequency holds for multi-quanta-related processes.
C. Numerical results and interpretations
Here, numerical results of the pumped current in a two-oscillating-potential-barrier modulated nanowire are presented and comparison with experiment is given. We consider a nanowire modulated by two gate potential barriers with equal width L = 20Å separated by a 2L = 40Å width well (see Fig. 10 ). The electrochemical potential of the two reservoirs µ is set to be 60 meV according to the resonant level within the double-barrier structure.
The two oscillating parameters in Eq. (31) correspond to the two ac driven potential gates
with all the other notations correspond accordingly. We set the static magnitude of the two gate potentials U 0,1 = U 0,2 = U 0 = 100 meV and the ac driving amplitude of the modulations equal U ω,1 = U ω,2 = U ω .
In Fig. 11 , the dependence of the pumped current on the phase difference between the two ac oscillations is presented. In weak-modulation regime (namely U ω is small), sinusoidal behavior dominates. Here, three relatively large U ω is selected to reveal the deviation from − sin 2φ contribution with a sign flip, which can be understood from the sign change of the derivative of the scattering matrix. The effect of three-and higher ω quantum processes is small even for large U ω comparable to U 0 . The experimental observations 36 as a deviation from the weak-modulation limit are revealed by our theory. Experiment 36 also discovered that for weak pumping the dependence of the pumped current on the pumping strength obeys a power of 2 relation, as expected from the simple loop-area argument 37 ; for strong pumping, power of 1 and 1/2 relation is observed. We presented in Fig. 12 the numerical results based on our theory of the I p -U ω relation at a fixed φ. To demonstrate its power-law dependence, natural logarithm of the variables is applied. From Eq. (41), it can be seen that for large ac driving amplitude U ω , contribution of double ω quantum processes (formulated in the second term on the right hand side of the equation) causes the I p -U ω relation to deviate from its weak-modulation limit, the latter of which is I p ∝ U 2 ω . For different phase difference between the two ac drivers, the deviation is different. At φ = π the pumped current is invariably zero regardless of the order of approximation determined by time-reversal symmetry. At φ = π/2, sin 2φ is exact zero, and no difference is incurred by introducing higher order effect. If we shift the value of φ to 0.49π, the abating effect of the double ω quantum processes has the order of U was done at the phase difference close to π/2 while trying to approach maximal pumped current in the adiabatic and weak-pumping limit.
IV. SUMMARY AND FUTURE DIRECTIONS
The scattering matrix method is initiated by Landauer and Büttiker to investigate the conductance of multi-terminal and multi-channel mesoscopic conductors. The spin degree of freedom can be included in the formalism by enlargement of the dimension of the scattering matrix. The current-current correlation and spin-spin correlation, such as the shot noise, can be calculated from the cross products of the scattering matrix. Along this direction, higherorder correlation function can also be considered. Dynamic transport processes including the quantum pumping behavior can be dealt with by the time-dependent scattering approach.
The development of the scattering theory enables its potential applications in currently open issues. The interaction can be included to the scattering matrix by the renormalization factors. The shot noise properties in various conductors with active spin degree of freedom can be considered. The time-dependent scattering theory provides a way to deal with dynamic quantum issues. Some particular problems include non-harmonically driven quantum pumping, spin pumping in racetrack memory applications, and multiferroic transport dynamics, etc.. The middle bar indicates the single-particle state between the two barriers. The Fermi levels of the two reservoirs are the same and are leveled to the single-particle state within the conductor. Inset is the zoom-in of the circled region.
